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ABSTRACT
Planetary systems with sufficiently small orbital spacings can experience planetary
mergers and ejections. The branching ratio of mergers vs ejections depends sensitively
on the treatment of planetary close encounters. Previous works have adopted a simple
“sticky-sphere” prescription, whose validity is questionable. We apply both smoothed
particle hydrodynamics and N-body integrations to investigate the fluid effects in close
encounters between gas giants and the long-term evolution of closely-packed planetary
systems. Focusing on parabolic encounters between Jupiter-like planets with MJ and
2MJ, we find that quick mergers occur when the impact parameter rp (the pericenter
separation between the planets) is less than 2RJ, and the merger conserved 97% of the
initial mass. Strong tidal effects can affect the “binary-planet” orbit when rp is between
2RJ and 4RJ. We quantify these effects using a set of fitting formulae that can be
implemented in N-body codes. We run a suite of N-body simulations with and without
the formulae for systems of two giant planets initially in unstable, nearly circular
coplanar orbits. The fluid (tidal) effects significantly increase the branching ratio of
planetary mergers relative to ejections by doubling the effective collision radius. While
the fluid effects do not change the distributions of semi-major axis and eccentricity of
each type of remnant planets (mergers vs surviving planets in ejections), the overall
orbital properties of planet scattering remnants are strongly affected due to the change
in the branching ratio. We also find that the merger products have broad distributions
of spin magnitudes and obliquities.
Key words: hydrodynamics – planets and satellites: dynamical evolutions and sta-
bility – planets and satellites: gaseous planets
1 INTRODUCTION
A system of two or more planets on nearly circular, coplanar
orbits can be dynamically unstable if the planet spacing is
too small (e.g, Gladman 1993; Chambers et al. 1996; Zhou
et al. 2007; Smith & Lissauer 2009; Funk et al. 2010; Deck
et al. 2013; Petit et al. 2018). The instability results in strong
scatterings or close encounters between planets, leading to
violent outcomes such as planetary mergers and ejections.
Since the early days of exoplanet detection, the importance
of strong planet scatterings in shaping the architecture of
planetary systems has been recognized (Rasio & Ford 1996;
Weidenschilling & Marzari 1996; Lin & Ida 1997). Indeed,
there now exists a large literature on giant planet scatterings
? E-mail:jiaru li@astro.cornell.edu
(Ford et al. 2001; Adams & Laughlin 2003; Chatterjee et al.
2008; Ford & Rasio 2008; Juric´ & Tremaine 2008; Nagasawa
& Ida 2011; Petrovich et al. 2014; Frelikh et al. 2019; Ander-
son et al. 2020). These works typically apply a large number
of N-body simulations to different initial conditions to inves-
tigate the scattering outcomes in a statistical manner. Some
are notable for their attempts to reproduce the exoplanetary
eccentricity distribution for a wide range of initial conditions
(Ford & Rasio 2008; Juric´ & Tremaine 2008; Anderson et al.
2020).
The branching ratio, referring to the the probability of
planet collisions/mergers vs ejections in planetary scatter-
ing outcomes, is a crucial factor in determining the over-
all eccentricity distribution, as collisions are much less effi-
cient at producing large eccentricities (Ford & Rasio 2008;
Juric´ & Tremaine 2008; Anderson et al. 2020). To derive
© 2020 The Authors
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the branching ratio from N-body simulations, a prescription
for planet collisions is needed. Previous works have either
neglected planet collisions or adopted the so-called “sticky-
sphere” approximation to handle close encounters between
planets. This approximation assigns a radius, usually the
physical radius of the planet, to each point mass in the sim-
ulation. When the separation between two point masses is
less than the sum of their radii, the two masses immediately
merge into a single object in a manner that conserves mass,
momentum, and the position of the center of mass.
Several assumptions in the “sticky-sphere” approxima-
tion are questionable. For example, the merger prescription
in this approximation overlooks the detailed kinematics of
the collision but instead assumes all planet collisions are
the same. However, previous studies have shown that the
outcomes of collisions with different kinematics can sub-
stantially diverge (Agnor & Asphaug 2004; Asphaug et al.
2006; Leinhardt & Stewart 2011; Stewart & Leinhardt 2012;
Burger et al. 2019; Emsenhuber & Asphaug 2019a). Another
problematic situation is when the planets do not collide but
bypass each other with their minimum separation compara-
ble to their radii. For such close enconters, the planets can
distort each other through tidal effects and cause energy dis-
sipation or even mass transfer. After all, there is no rigorous
justification as to why a merger should happen if and only
if two planets touch each other.
The issues discussed above have sometimes been rec-
ognized, but are usually “swept under the rug” in published
papers. Addressing these issues requires hydrodynamics sim-
ulations of close encounters between planets. Current hydro-
dynamics simulations on this topic mostly apply to planetes-
imal collisions or late bombardment process, during which
collisions could be very hyperbolic and the reaccretion effi-
ciency is uncertain (Leinhardt & Stewart 2011; Stewart &
Leinhardt 2012). With a few exceptions (Hwang et al. 2017,
2018), tidal interactions between planets and their effects on
the scattering outcomes have not been investigated system-
atically to date.
In this work, we hope to address the aspects that are
missing from current studies. We carry out fluid simulations
of close encounters between two giant planets that approach
each other in a parabolic orbit. We study the conditions for
the two planets to merge and the properties of the merger
products. Our hydrodynamics simulations also quantify how
much the planets’ trajectories are modified during a“bypass-
ing” encounter. We then apply our hydrodynamics simula-
tion results (including fitting formulae) in long-term orbital
integrations of scatterings of two giant planets. We deter-
mine how the fluid effects influence the outcomes of the
scatterings, including the merger/ejection branching ratios,
the orbital property of the surviving planets, and the spin
property of the merger remnants.
The rest of this paper is organized as follows. In Sec-
tion 2, we use smoothed-particle hydrodynamics to simulate
close encounters between two giant planets and analyze the
results. In Section 3, we present a close encounter prescrip-
tion to be used for N-body codes based on the results from
Section 2. In Section 4, we run a large set of orbital integra-
tions of systems with two planets, both with and without
the prescription derived in Section 3, which allows us to de-
termine the significance of the fluid effects for the long-term
evolution of the planetary systems. We present our conclu-
sions in Section 5.
2 HYDRODYNAMICS SIMULATIONS OF
ENCOUNTERING GAS GIANTS
2.1 Simulation setup
We perform simulations of gas giant encounters using the
smoothed particle hydrodynamics (SPH) code StarS-
masher1 (Rasio 1991; Lombardi et al. 1999; Faber & Rasio
2000; Gaburov et al. 2010b; Gaburov et al. 2018). StarS-
masher balances the accuracy and speed by using NVIDIA
graphics cards to calculate the gas self-gravity through a
direct summation of each pairwise gravitational interaction
between SPH particles (Gaburov et al. 2010a,b).
In this work, we consider two gas giants with masses
2 M1 = 2MJ, M2 = 1MJ and radii R1 = R2 = RJ. The two
planets are initialized and relaxed in isolation. We construct
each planet by placing 105 SPH particles uniformly inside a
sphere, and assigning them masses (mi) and specific internal
energies (ui) according to the equation of state P = Kργ,
where γ = 1 + 1n . We use n = 1 to model gas giants (see
Guillot 2005 and Guillot & Gautier 2014 for justification).
After initialization, we switch to the more general equation
of state, P = (γ −1)ρu, and relax them until the total kinetic
energy of the particles (in the rest frame of each planet)
diminishes to less than 10−5 of the total binding energy.
The dynamical simulations are done in the center-of-
mass frame of the two encountering planets. Most gas giant
encounters occur in parabolic relative trajectories (Anderson
et al. 2020). Hence, we set the two relaxed planets in an
initial condition such that:
(i) Their centers of mass, x(1)CM and x
(2)
CM, are 15RJ away
from each other.
(ii) They have the initial velocities, v(1)CM and v
(2)
CM, such
that, if they were point masses, their relative trajectory
would be a parabola (e = 1.0) with a specified pericenter
distance rp.
The only free parameter in this set-up is rp. We run simu-
lations for 20 different rp’s that spread equally from 0.2RJ
to 4.0RJ. Every dynamical run includes at least one pericen-
ter passage for the planetary binary. We run the simulations
until the post-encounter products settle down appropriately
(see below).
2.2 Identify the post-encounter products
Since the SPH code we use does not distinguish the fluid
particles belonging to different planetary bodies, we must
identify a set of the SPH particles, denoted as Sk , that can be
treated as a coherent body (“planet k”). The mass, position,
1 StarSmasher is available at https://jalombar.github.io/
starsmasher/
2 Throughout this paper, the subscript “J” specifies the corre-
sponding Jovian value.
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and velocity of each post-encounter planet are
M(k) =
∑
i∈Sk
mi,
x(k)CM =
1
M(k)
∑
i∈Sk
mixi,
v(k)CM =
1
M(k)
∑
i∈Sk
mivi,
(1)
where mi , xi , and vi are the mass, position, and velocity of a
SPH particle i. Particles in the same set do not necessarily
form a sphere. For convenience, we define the radius of a
post-encounter planet as the radius of an imaginary sphere
that contains 90% of the planetary mass, i.e.
R(k) = min({R|Σ |xi−x
(k)
CM |<R
i∈Sk mi ≤ 0.9M
(k)}). (2)
This is sometimes called the Lagrange radius.
Our method to identify post-encounter planets utilizes
the Bernoulli constant. Each SPH particle i, if belonging to
planet k, has a specific enthalpy
h(k)
i
=
1
2
(vi − v(k)CM)2 + ui +
Pi
ρi
+ φ
(k)
i
, (3)
where ui and ρi are its specific internal energy and density,
Pi is the local pressure, and φ
(k)
i
is the gravitational potential
due to the gas in Sk . Along a streamline with no dissipation,
hi should be a constant according to the Bernoulli theorem.
The objective is to minimize the sum
H =
∑
i∈S1
mih
(1)
i
+
∑
i∈S2
mih
(2)
i
. (4)
Particles with h(k)
i
> 0 for both k = 1 and 2 do not belong to
S1 nor S2 – they are considered as the ejecta, unbound from
the system. Note that in the case of a merger, H is minimized
when S2 is a ‘null’ set containing a negligible amount of
particles.
For numerical efficiency, we do not attempt to find the
global minimum of H by checking all of 3N possible group-
ings, where N is the total number of SPH particles. In-
stead, similar to Emsenhuber & Asphaug (2019b), we use
a Friends-of-Friends (FoF) method to obtain an initial guess
first. The FoF algorithm grows a remnant planet by gluing
neighboring particles to a cluster when certain conditions
are satisfied. In our implementation, we employ the most
massive SPH particle as the seed and then grow a planet
(cluster of particles) iteratively. At each growing step, ev-
ery SPH particle i inside a cluster will search for neighbor-
ing particles j’s that are outside of the cluster but within
two times its SPH smoothing length hi from its location.
If a neighboring particle has density ρj > 10−3MJ/R3J , we
will then add it to the cluster as a new member. Once this
planet finds no qualified neighbors, we use the most massive
unclustered SPH particle to grow the second planet. A k-d
tree method (Kennel 2004) is used to search for neighbors.
After this FoF procedure, we minimize H by iteratively up-
dating the grouping using gradient descent.
2.3 Results
As noted in Section 1, the standard way of resolving close
encounters in N-body planetary integrators is to use the
‘sticky-sphere’ approximation. It handles close encounters
following three rules: (1) the two planets merge if and only
if they physically touch each other; (2) mergers always con-
serve the mass and momentum of the planetary binary; (3)
when there is no physical collision, the encounter is equiv-
alent to the gravitational interaction between point masses.
We examine the three assumptions in the three subsections
below.
2.3.1 Merger conditions
The outcomes of two-planet encounters can be divided into
three categories. Fig. 1 shows an example of the time evolu-
tion for each type of outcome:
(i) One-shot merger (the top row of Fig. 1): the two plan-
ets collide nearly head-on and merge immediately.
(ii) Two-step merger (the middle row of Fig. 1): the plan-
ets experience two consecutive close encounters, where the
second encounter leads to a complete tidal disruption of M2
(the lower-mass planet). The disrupted mass orbits around
and accretes onto M1 (the higher-mass planet), effectively
leading to a merger.
(iii) Bypassing (the bottom row of Fig. 1): the two planets
survive the first encounter and do not come back together
for a second encounter for an extended period of time.
In addition to visual inspections, we also use the group-
ing algorithm described in Section 2.2 to determine the num-
ber of remaining planets by examining the mass binning.
Fig. 2 shows this result. (i) Encounters with rp < RJ are
nearly head-on and always lead to one-shot mergers. (ii)
When RJ < rp < R1 + R2 = 2RJ, the angular momentum in
the planetary binary system prevents an immediate merger.
However, after losing orbital energy at the first collision, the
planets can loop back rather quickly and the less massive
planet becomes vulnerable to tidal disruption at the sec-
ond encounter. The gas then form a single planetary body
through accretion. (iii) Encounters with rp > R1 + R2 = 2RJ
can recover from a “fuzzy” period of pericenter passage and
will not come across a second encounter before the end of our
simulations, which is roughly 50 units of time (
√
R3J /GMJ)
after the first encounter.
We note that, if we keep running these systems, all
of the bypassing binary can loop back for second encoun-
ters. Hence, the exact boundary between two-step merger
events and bypassing events does not exist. We argue in
Section 2.4.1 that rp = 2RJ is the optimal choice for this
boundary in N-body simulations.
In summary, although some mergers require two steps,
the condition for mergers is the same as the first rule used
in standard N-body simulations, i.e. the planets must touch
each other along their point-mass trajectories.
2.3.2 Merger products
Table 1 shows the properties of the merger products. The
mergers preserve at least 97% of the total mass from the
two colliding planets. In the initial center-of-mass frame of
the two planets, the merger products barely gain any ve-
locity due to collision-induced mass loss, especially at small
rp. These two results suggest that mergers can be treated
MNRAS 000, 1–13 (2020)
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Figure 1. Three types of outcomes for two-planet encounters. Each panel shows the gas column density (in units of MJ/R2J ) from
the SPH simulations. The three rows are simulations with rp = 0.4, 1.6, 2.4RJ from top to bottom. They correspond to the one-shot
merger, two-step merger, and the bypassing scenarios, respectively. From left to right, the columns are the snapshots at time steps
t = 15, 25, 35, 45, 55, 65
√
R3J /GMJ since the start of each simulation. This plot is produced using splash (Price 2007).
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Figure 2. Time evolution of the number of “planets” (with mass
> 0.1MJ) in various numerical hydrodynamics simulations. A
number ‘1’ implies that there is only one planet at the end of
the corresponding time bin. A number ‘2’ implies that two plan-
ets are distinguishable by our planet grouping algorithm.
as perfect inelastic collisions which conserve the mass and
momentum of the planetary binaries.
The merger products are fast-spinning due to the angu-
lar momentum of the incidental binary orbit,
Lin =
M1M2
M1 + M2
√
2G(M1 + M2)rp. (5)
More than 95% of the orbital angular momentum are inher-
ited by the merged object when rp ≤ 1.2RJ. Mergers with
rp > 1.2RJ conserve 80% to 95% of the initial angular mo-
mentum. In all cases, the direction of the spin is the same the
orbital angular momentum of the incidental binaries. Obvi-
ously, the merger products are rather “inflated” due to ro-
tational support compared to the initial planets. Long-term
evolution of these “soft” gas bodies would be of interest, but
is beyond the scope of this work.
2.3.3 Bypassings
For encounters with rp > R1 + R2, the planets bypass
each other. When the separation between the planets in-
creases back to several planetary radii, the interaction be-
tween the planets become point-mass-like again. Hence, the
post-encounter mass of the planets and the orbital ele-
ments of their relative motions are well-defined and can be
parametrized as functions of rp.
Close encounters induce mass transfer from the less
massive planet to its companion. Fig. 3 shows the mass
exchange between the two planets. The amount of trans-
ferred mass increases steeply as rp becomes smaller than
2.7RJ, which is approximately the tidal radius. The fact that
mass loss from M2 approximately equals to the gain by M1
implies that the tidal interaction conserves the total mass.
Table 2 displays the changes in planetary radii. Both plan-
ets slightly grow in size from the initial Lagrange radii of
R1 = R2 = 0.85RJ. The lighter planet R2 is affected more
comparing to R1. However, neither radius changes are sig-
nificant.
The post-encounter binary orbits are different from the
incident orbits. Even in a very gentle encounter with no mass
exchange, planets can always excite oscillations inside their
MNRAS 000, 1–13 (2020)
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Table 1. The properties of the merger product at t = 150
√
R3J /GMJ in hydrodynamics simulations with different rp . The mass is
determined using the method described in Section 2.2. The speed (in units of
√
GMJ /RJ ) is the bulk speed of all the bounded SPH
particles. The spin angular momentum of the merger product is in units of Lin from equation (5). The final radius is measured as the
Lagrange radius (the spherical radius that encloses 90% planetary mass). The initial Lagrange radius of each planet is 0.85RJ for the
n = 1 polytrope density profile adopted in this study.
rp(RJ) 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
Mass (MJ) 2.98 2.99 2.98 2.99 2.98 2.97 2.95 2.94 2.92
Speed (√GMJ/RJ) <0.001 <0.001 0.001 <0.001 0.002 0.003 0.007 0.008 0.012
Spin (Lin) 0.99 1.00 0.99 0.99 0.97 0.95 0.89 0.85 0.80
Radius (0.85RJ) 3.37 3.70 3.48 3.91 4.55 4.32 4.57 5.00 4.68
Table 2. The final radii of the two planets after close bypassings. The radius is defined as the Lagrange radius that encloses 90% of
planetary mass. The initial planet Lagrange radius is 0.85RJ for n = 1 polytropes.
rp(RJ) 2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0
R1 (0.85RJ) 1.10 1.05 1.02 1.01 1.00 1.00 1.00 1.00 1.00 1.00 1.00
R2 (0.85RJ) 1.25 1.18 1.12 1.08 1.05 1.02 1.01 1.00 1.00 1.00 1.00
2.0 2.5 3.0 3.5 4.0
rp/RJ
0.000
0.025
0.050
0.075
0.100
0.125
M
1/
M
J
0.125
0.100
0.075
0.050
0.025
0.000
M
2/
M
J
Figure 3. Mass transfer during bypassings. The black dots are
data from the SPH simulations and the curves are the fitting
formulae (see Table 3). The red line is for the mass gained by M1,
while the blue is for the mass loss from M2.
partners (“dynamical tides”), which cause the binary orbit
to lose energy. Draining energy from the orbit also changes
the eccentricity of the orbit. Panel (a) and (b) of Fig. 4 show
the changes of orbital energy and eccentricity obtained from
our simulations. The post-encounter orbit is still confined
in the initial orbital plane. However, the direction of the
eccentricity vector may change within the orbital planet. We
measure the new orbital orientation in terms of the shift of
the longitude of pericenter, ∆ω, from our simulations. Panel
(c) of Fig. 4 shows our result.
In summary, close encounters can induce mass transfer
between planets and modify the binary orbits. These changes
can be parametrized with the impact pericenter distance, rp,
using some fitting formulae. Table 3 presents the formulae
based on the results of our simulations.
2.0 2.5 3.0 3.5 4.0
0.10
0.05
0.00
E o
rb
/(G
M
2 J/
R J
)
(a)
2.0 2.5 3.0 3.5 4.00.3
0.2
0.1
0.0
e
(b)
2.0 2.5 3.0 3.5 4.0
rp/RJ
0.10
0.05
0.00
(c)
Figure 4. The change of various orbital quantities for encoun-
ters with different rp’s. The dots represent data from SPH simula-
tions, and the red curve is the fitting formula (see Table 3). Panel
(a): the orbital energy changes ∆Eorb; Panel (b): the eccentricity
changes ∆e; Panel (c): the shifts of longitude of pericenter ∆ω in
radians, with a positive ∆ω implies that the pericenter is shifted
in the direction of the binary orbit.
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Table 3. Fitting formulae for mass transfer, orbital energy
change, eccentricity change, and the shift in the longitude of peri-
center for encounters of two planets M1 = 2MJ and M2 = MJ . The
formulae apply only to the non-merger encounters, i.e. those with
rp ≥ R1 + R2 = 2RJ.
Fitting Formula ∆M1 ∆M2 ∆Eorb ∆e ∆ω
Ae−b(rp−c)2 A +0.152 -0.153 -0.167 -0.356 -
b +3.303 +3.283 +1.116 +1.128 -
c +1.771 +1.770 +1.503 +1.581 -
−ar−7p + br−6p a - - - - +191
b - - - - +39
100 101
a (AU)
2.0
2.5
3.0
3.5
4.0
r p
/R
J
rapo < 13RH
rapo > 13RH
Figure 5. The criterion for the two planets to stay within 1/3
of the mutual Hill radius from each other after their first close
encounter at different distance a = (a1 + a2)/2 from the star. The
Hill radius RH is calculated using equation (10) and M? = M .
The black curve is the condition for rapo =
1
3RH, where rapo is
the post-encounter apocenter distance between the planets. We
evaluate rapo with the fitting formulae in Table 3.
2.4 Discussion
2.4.1 Two-step mergers
In the above, we label a collision event “two-step merger”
if the planets quickly experience a second tidal encounter
after the first one. Here, we discuss what ‘quickly’ should
mean and justify our choice of the boundary between two-
step merger and bypassing.
First, this second encounter must happen before the
tidal gravity from the central star “disassociates” the binary
planets. Our fluid simulations neglect the influence of the
central star. Emsenhuber & Asphaug (2019a) suggest that
when the post-encounter apocenter distance is inside roughly
1/3 of the Hill radius from the primary planet, the loop-back
process is not strongly affected by the star. This criterion is
more robust for smaller rp. As the post-encounter planet-
planet separation increases, the loop-back process becomes
increasingly random. Based on our fluid simulation results,
the 1/3 Hill radius is reached at rp ≈ 2.7RJ when the en-
counter takes place at 1AU from a solar-mass star. Fig. 5
shows the values of this critical rp at different distance (a)
from the star. For a destructive second encounter to hap-
Table 4. Same as Table 3, but with M1 = 1.5MJ and M2 = 1MJ.
Fitting Formula ∆M1 ∆M2 ∆Eorb ∆e ∆ω
Ae−b(rp−c)2 A +0.080 -0.0808 -0.268 -0.647 -
b +5.699 +5.715 +1.329 +1.283 -
c +1.871 +1.870 +1.267 +1.355 -
−ar−7p + br−6p a - - - - 145
b - - - - 67
pen, rp must be less than the critical value. The smaller, the
better.
Second, a quick second encounter usually comes before
the planets can recover their point-mass properties. To treat
a planet as a point mass, it must not only be recognized
by our grouping algorithm, but should also have converged
mass and orbital elements. We have found that for the simu-
lations with rp ≈ 1.8RJ or smaller, the post-(first-)encounter
masses do not converge with respect to time before the sec-
ond encounter happens. Collisions with 1.8RJ < rp < 2.0RJ
are not covered in our suite of simulations, so rp ≈ 2.0RJ is
a cautious estimation of the minimum impact parameter for
both planets to recover.
From the reasons above, we conclude that the two plan-
ets merge if their impact pericenter distance is less than
2.0RJ. For rp ≤ 2RJ, a second encounter is guaranteed. For
rp ≥ 2RJ, the planets can be treated as point masses. This
choice also has the most intuitive physical meanings, i.e.,
physical collisions lead to mergers.
2.4.2 Different mass ratios
We repeat our numerical simulations with two planets of
masses of M1 = 1.5MJ and M2 = 1MJ and find similar results
in terms of the merger conditions and the properties of the
merger products. The tidal effects between the bypassing
planets can be evaluated using the fitting formulae in Ta-
ble 4. The expressions are the same as the in Table 3, with
different fitting coefficients.
3 AN IMPROVED PRESCRIPTION FOR
CLOSE ENCOUNTERS IN N-BODY
SIMULATIONS
Based on the results of Section 2, we suggest the following
prescription for treating close planetary encounters in N-
body simulations: Suppose two planets approach each other
on a point-mass trajectory with the closest separation rp,
(i) If rp < 2RJ = R1 + R2, the planets merge in a manner
that conserves the total mass and momentum.
(ii) If rp is between 2RJ and 4RJ, the planets exit the en-
counter in a new relative trajectory given by the fitting for-
mulae in Tables 3 and 4.
(iii) If rp > 4RJ, the hydrodynamical effects are small and
no modification is needed.
One way to implement the above prescription is to use
the impulse approximation as illustrated in Fig. 6. Before
using any fitting formula, the N-body simulation should be
paused when the binary planets are at their pericenter. From
MNRAS 000, 1–13 (2020)
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Integrate one time step.
Is the separation 
between the planets 
less than 4 RJ?
Do nothing.
No
Are the planets at 
the closest points of 
their current orbits?
Yes
Apply
formulae.
Yes
Is the separation 
less than 2 RJ now?
No
No
Merge the two planets.
Yes
Figure 6. Implementation of close planetary encounters in N-
body simulations. After each time step of integration, we may
want to merge the two planets, apply the fitting formulae, or
do nothing until the next time step. This decision is made by
the code based the answers to three true-or-false questions: (i)
whether the separation between the two planets is less than 4RJ,
(ii) whether the planets are at the minimum separation of their
current trajectories, and (iii) whether they have already hit each
other. The code should follow the order of the steps indicated by
the arrows.
this paused frame, we read the masses of the binary planets,
M1 and M2, the position and velocity of the binary center of
mass, xCM and vCM, and the relative position and velocity of
the two planets, rp = x2−x1 and vp = v2−v1. The parameter
for the fitting formulae, rp, is given by |rp |. The orientation
of the orbital plane , nˆ = rˆp × vˆp, will remain the same after
applying the hydrodynamical corrections.
Now the post-encounter planet masses, binary orbital
energy, eccentricity, and angular shift of the pericenter (M ′1,
M ′2, E
′
orb, e
′, and ∆ω) can be obtained using the formulae in
Tables 3 and 4. The new relative position and velocity can
be calculated as
r ′ = −GM
′
1M
′
2
2E ′orb
(1 − e′),
v′ =
√
2
M ′1 + M
′
2
M ′1M
′
2
(
E ′orb +
GM ′1M
′
2
r ′
)
,
(6)
and the vectors are
r′ = r ′R(nˆ,∆ω)rˆp,
v′ = v′R(nˆ,∆ω)(nˆ × rˆp),
(7)
in the binary center-of-mass frame, where R is the rotation
operator. Hence, the updated positions and velocities are
x′1 = −
M ′2
M ′1 + M
′
2
r′ + xCM, x′2 = +
M ′1
M ′1 + M
′
2
r′ + xCM,
v′1 = −
M ′2
M ′1 + M
′
2
v′ + vCM, v′2 = +
M ′1
M ′1 + M
′
2
v′ + vCM,
(8)
in the code frame of the N-body simulation. This is the full
prescription to handle close encounters. It only requires the
data that are easily accessible from a N-body code (M1, M2,
xCM, vCM, rp, and vp) and returns the updated data that a
N-body code needs (M ′1, M
′
2, x
′
1, x
′
2, v
′
1, and v
′
2).
4 TWO-PLANET SCATTERING NUMERICAL
EXPERIMENTS
In this section, we carry out simulations of two-planet scat-
terings using our prescription of planet collisions described
in Section 3. We also compare our results with those using
the standard “sticky-sphere” presciprtion.
4.1 Setup and fiducial parameters
We perform two-planet scattering experiments using re-
bound3 (Rein & Liu 2012) with the IAS15 integrator (Rein
& Spiegel 2014). The close-encounter prescription is imple-
mented as a python function that can be called from re-
bound. We run a group of simulations using the prescription
in Section 3 (following Fig. 6) and another group of simula-
tions using the standard “sticky-sphere” prescription. They
are referred to as TE (“Tidal Effects”) and noTE, respectively,
since the key difference is whether tidal effects are included
for the bypassing planets. We stop a simulation whenever
one of the following conditions is reached:
• Merger: The separation of the planets is equal to the
sum of their physical radii.
• Ejection: One of the planets reaches a distance of
1000 AU from the system’s center of mass.
• Star-Grazing: The distance between the star and one of
the planets is less than the solar radius.
• Stability: The integration reaches a chosen time limit
without triggering any of the three conditions listed above.
The simulation results are also assorted into the four cate-
gories in the ending conditions.
We begin with a system of two planets with masses
m1 = 2MJ, m2 = 1MJ and radii R1 = R2 = RJ, orbiting a host
star with mass M? = M and radius R. The initial spacing
of the planets is set by
a2 − a1 = KRH,mut, (9)
3 Rebound is freely available at http://github.com/hannorein/
rebound.
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Figure 7. Fraction of systems that have experienced mergers (solid lines) and ejections (dashed lines) as a function of time for the
fiducial set of simulations. The red and blue lines represent the results from TE (including “Tidal Encounter” prescription) and noTE,
respectively. Left : The first 105 initial orbital periods of the inner planet, where most of the systems go unstable. Right : The evolution
after the first 105 initial orbital periods of the inner planet. At t = 107P1, only 2% of the systems are still stable, and the merger and
ejection fractions are 83% and 13% for the TE runs (with the corresponding fractions 75% and 21% for the noTE runs); planet-star collisions
occur in the remaining 2% of the systems.
where
RH,mut =
a2 + a1
2
(
m1 + m2
3M?
)1/3
, (10)
is the mutual Hill radius. For each planet, we sample the ini-
tial eccentricity in the range [0.01, 0.05], the initial inclina-
tion from [0◦, 2◦], and the argument of pericenter, longitude
of ascending node, and mean anomaly in the range [0, 2pi],
assuming they all have uniform distributions.
Our fiducial set of simulations consists of 5000 TE runs
and 5000 noTE runs with a1 = 1AU and K = 2.5. The integra-
tion time limit is set to 107P1, where P1 is the initial orbital
period of the inner planet. The results from the fiducial runs
are presented in Sections 4.2. In Sections 4.3 and 4.4, we in-
vestigate how the results depend on the initial a1 and K.
4.2 Fiducial results
4.2.1 Branching ratios
Fig. 7 shows the time evolution of the branching ratio in
the fiducial runs. Since K = 2.5 does not satisfy the criterion
for Hill Stability (K > 2
√
3; see Gladman 1993), most of the
systems quickly go unstable (only about 2% of the systems
remain stable for 107P1). The branching ratios converge af-
ter 106P1. The merger of planets is the most common the
outcome: 75.2% of the noTE runs and 83.3% of the TE runs
end in this way, and most of these mergers happen within
104P1 from the beginning of the simulations. The ejection of
the low-mass planet M2 constitutes 20.1% of the noTE runs
and 13.0% of the TE runs, and most of the ejections finish
within 105P1. Planet-star collision and the ejection of M1 to-
gether contribute about 2% of the outcomes. For simplicity,
from this point forward, we consider only the ejection of M2.
It is not surprising that the percentage of ejections de-
creases when the fluid effects are included. As the tides drain
kinetic energy from the orbit, it is harder for the planets to
reach the escape speed from the star. Fig. 8 shows the num-
ber of encounters with rp < 4RJ in the systems that end
with ejections. In the noTE runs, about half of the ejected
planets undergo at least one such encounter. In the TE runs,
however, planets that enter the rp < 4RJ escape channel are
diverted to collisions by the tidal effects. Given the noTE
data, by removing this portion of runs from the ejections
and adding them to the mergers count, we can obtain (to a
good accuracy) the branching ratio of the TE runs.
4.2.2 Property of merger products
Mergers between planets are treated as completely inelastic
collisions in both the noTE and TE runs. Fig. 9 shows the
distribution of the semi-major axis (af) and the eccentricity
(ef) of the merger products in our fiducial simulations. Since
the energy in the center-of-mass frame of the two planets is
much smaller than their orbital energy around the star, the
semi-major axis of a merger product can be estimated as
af '
(m1 + m2)a1a2
m1a2 + m2a1
, (11)
using energy conservation. The estimated value of af for the
fiducial runs is 1.08AU, while the actual af from the sim-
ulations ranges between 1.09 and 1.10AU. Similar features
were observed in Ford et al. (2001). This“discrepency” is due
to the extra energy released from the gravitational binding
energy between the planets. The energy change due to the
fluid effect during each close encounter is at least one order
of magnitude smaller than the binding energy (Table 3), so
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Figure 8. Categorization of the systems destabilized by ejections
in terms of how many times the planets enter the strong tidal
effect distance (rp < 4RJ) before the final ejection. The red and
blue bars represent the data from the fiducial set of TE and noTE
runs, respectively.
the fluid effect is not manifested in the final energy of the
system.
The eccentricity of a merger product can be calcu-
lated from the conservation of angular momentum, which
is mainly in the zˆ direction, as
Lz =µ1
√
M?a1(1 − e21) cos I1 + µ2
√
M?a2(1 − e22) cos I2
'µf
√
M?af(1 − e2f ),
(12)
where µi = miM?/(mi + M?). The maximum and minimum
values of ef (obtained using e1 = e2 = 0.05 and 0.01, respec-
tively) as a function of af are plotted as the black lines in
Fig. 9. These boundaries encloses the noTE results perfectly,
but leave a small amount of TE data outside. The marginal-
ized probability density functions of ef and af shows that TE
orbits are only slightly smaller and less eccentric.
In the center-of-mass frame of the planet “binary”, the
relative orbital angular momentum at the moment of col-
lision turns into the spin of the merger product. The ver-
tical axis of Fig. 10 shows the resulting spin angular mo-
mentum, assuming no loss during the mergers and that the
initial (pre-merger) spin of each planet is negligible – these
assumptions are justified from our hydrodynamics simula-
tions (Section 2) and the fact that the spins of the solar-
system gas giants and those constrained for a few extrasolar
planetary-mass objects are much smaller than the breakup
value (Bryan et al. 2017). This procedure also allows us
to calculate the obliquity θSL (the angle between the spin
and orbital angular momentum axes) of the merger product
(shown as the horizontal axis of Fig. 10). In Li & Lai (2020),
we carried out a detailed analysis of the spin and obliquity
distributions from the noTE runs, including analytical pre-
dictions. In TE runs (the red dots and lines in Fig. 10), the
spin magnitude distribution has a peak at S ∼ 0.8Smax, where
Smax = µ
√
2G(m1 + m2)(R1 + R2), (13)
with µ = m1m2/(m1 + m2) as the reduced mass of the two
planets. In contrast, the noTE runs yield a spin distribution
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PDF
Figure 9. Eccentricity (ef) and semi-major axis (af) of the
merger products in the fiducial runs. The central panel shows the
joint distribution of ef - af . The red dots are the merger products
from the TE runs and the blue are from the noTE runs. The black
lines are the ef-af relation (equation 12) due to the maximum
and minimum possible angular momentum of the initial condi-
tions. The histograms are the marginal distribution of af (top)
and ef (right).
of 2S/Smax (see Li & Lai 2020). This discrepancy between
TE and noTE is expected, as the systems that are “tidally
captured” (i.e. those with the first-time encounter pericenter
distance between 2RJ and 4RJ) suffer tidal dissipation, and
can merge in the following encounters with a smaller impact
velocity. Fig. 10 shows that the obliquity distribution of the
merger products is not affected by the fluid effects, and is
almost the same for the TE and noTE runs. An approximated
distribution for cos θSL is
fcos θSL =
1
pi
1√
1 − cos2 θSL
. (14)
See Li & Lai (2020) for discussion of the regime of validity
of this analytic distribution.
In summary, for our choice of initial conditions, giant
planet mergers produce massive planets orbiting at af ' a1
and ef ' [0.00, 0.09]. Including the fluid effects shrink and
circularize the orbit of a merger product by a very small
amount. The merger products have a wide range of spin
magnitudes and obliquities.
4.2.3 Property of the ejection survivors
With m1/m2 = 2, almost every ejection in our simulations has
the lower mass planet being the runner. Since the leaving
planet (m2) carries small positive orbital energy to escape
from the star, we know that the remaining planet (m1) must
have
af ≤
m1a1a2
m1a2 + m2a1
(15)
from energy conservation. For the initial condition in our
fiducial runs, this implies af ≤ 0.72 AU. Let aesc, eesc be the
semi-major axis and eccentricity of m2 before escaping but
after the final close encounter. Angular momentum conser-
vation requires
m1
√
af(1 − e2f ) + m2
√
aesc(1 − e2esc) ' m1
√
a1 + m2
√
a2. (16)
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Figure 10. The spin magnitude and obliquity of the merger
products found in our fiducial runs. The obliquity is displayed
as cos θSL = Sz/S on the horizontal axis, and the spin is given
in the unit of the maximum spin Smax = µ
√
2G(m1 +m2)(R1 + R2)
(where µ is the reduced mass of the two planets). The central
panel shows the distribution in the S/Smax - cos θSL space. The
red dots are from the TE runs and the blue are from the noTE
runs. The histograms are the marginal distributions of cos θSL
(top) and S/Smax (right).
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Figure 11. Eccentricity (ef) and semi-major axis (af) of the re-
maining planets from the ejection events in the fiducial simula-
tions. The central panel shows the joint distribution of ef - af .
The red dots are the results from the TE runs and the blue are
from the noTE runs. The black vertical line is the upper limit of
af (equation 15), and the two horizontal lines are limits of ef ob-
tained from equations (16)-(17). The histograms are the marginal
distributions of af (top) and ef (right).
On the other hand, the orbit crossing condition gives
af(1 + ef) & aesc(1 − eesc). (17)
Combining equations (16)-(17) and 1−eesc  1, we can solve
for the allowed range of ef as a function of a f . This range is
shown in Fig. 11.
Fig. 11 shows the property of the remaining planets
from the ejection events in our simulations. We see no signif-
icant difference between the results from noTE and TE runs.
In Section 4.2.2, we showed that most of the systems that
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Figure 12. The branching ratio at t = 106P1 as a function of
initial a1. The solid and dashed lines represent the fractions of
systems destabilized by mergers and ejections, respectively. The
red and blue are the results from the TE and noTE runs, while the
green is calculated from the noTE results with equation (18).
reach rp ≤ 4RJ (and thus require the use of our fitting for-
mulae for close encounters) end up as merger events. Hence,
only a small fraction of the TE data for ejections are affected
by the tidal effects.
4.3 Results for different initial planet semi-major
axes
In the above (Section 4.2), we have presented the results
from our fiducial runs. Here we study how the results depend
on the initial semi-major axes of the two planets. We adopt
the same initial conditions as in the fiducial runs, but with
the initial a1 changing from 1 AU to 10 AU with 1 AU
increment for each set of runs.
In Fig. 12, we show the branching ratio as a function of
the initial a1. The decreasing merger fraction with increas-
ing a1 is consistent with the expection that planetary col-
lisions are less likely as the Safronov number (the squared
ratio of the escape velocity from the planetary surface to
the planetaˆA˘Z´s orbital velocity) increases (e.g., Ford et al.
2001; Petrovich et al. 2014; Anderson et al. 2020) In essence,
increasing the initial a1 effectively reduces the radii of the
planets, making the collisions less likely.
Similar to the fiducial runs, we find that the fluid effects
on the orbital properties of the merger products and the
ejection survivors are insignificant, and the results presented
in Sections 4.2.2 and 4.2.3 remain valid for general values of
a1.
Using the results from Section 4.2.1, we may assume
that the tidal effect will merge all planet binaries when their
separation is less than 2Reff ≡ 4RJ. For the noTE runs, we
monitor the number of systems that eject through the rp <
4RJ channel, denoted by N4RJ . By re-classifying all of them
from ejections to mergers, the number of each outcome with
the fluid effects can be estimated as
NE (Reff) ≡ NE (noTE) − N4RJ,
NM (Reff) ≡ NM (noTE) + N4RJ,
(18)
where NE and NM are the numbers of ejections and col-
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Figure 13. Ejection-to-collision ratio as a function of Θ ≡
(Rp/RJ)−1(a1/1 AU) (which is proportional to the Safronov num-
ber). The data points from the TE and noTE runs fall on two
straight (green) lines given by equation (20).
lisions, respectively. The branching ratios calculated using
NE (Reff) and NM (Reff) are also plotted in Fig. 12. Not sur-
prsingly, we find NE (Reff) ' NE (TE) and NM (Reff) ' NM (TE).
To quantify the dependence of the branching ratio on
the planetary radius and the semi-major axis, we define the
dimensionless ratio (proportional to the Safranov number)
Θ ≡
(
Rp
RJ
)−1 ( a1
1 AU
)
. (19)
Fig. 13 shows our numerical results for the ejection-to-
collision ratio as a function of Θ. We see that the ratio can
be nicely fit by
NE (TE)
NM (TE) '
1
2
NE (noTE)
NM (noTE) '
Θ
8
, (20)
where this linear trend is a natural result of the competition
between the gravitational focusing (assists collisions) and
the random orbital energy drift (assists ejections) during
close encounters (see Pu & Lai 2020). In this regard, we can
consider planets in the TE runs as having an effective radius
Reff = 2RJ instead of Rp = RJ.
The findings described above suggest a simple prescrip-
tion to account for the fluid effects in planet collisions:
(i) When the separation between the two planets are less
than 4RJ, merge the planets as a perfect inelastic collision.
(ii) Otherwise, treat the planets as point masses.
When dealing with a large ensemble of planetary system sim-
ulations, this prescription provides good estimates to both
the branching ratio and the final orbital property of the
planets.
4.4 Compactness of the system
Here we examine how our results depend on the compactness
of the two-planet systems. We use the same parameters as
in the fiducial runs, but with the K value (see equation 9)
varying from 1.4 to 2.5 (all less than 2
√
3, the critical value of
Hill stability; see Gladman 1993). Larger values of K would
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Figure 14. The branching ratio at t = 106P1 as a function of the
compactness parameter K of the initial two-planet system. The
solid and dashed lines represent the fractions of systems desta-
bilized by collisions and ejections, respectively. The red and blue
are the simulation results from the TE and noTE runs, while the
green is calculated from the noTE results with equation (18).
require longer integration times to reach instability, so we
do not consider K > 2.5 in this work.
Fig. 14 shows that the branching ratios depend weakly
on K, with more compact systems (small K’s) more likely to
experience ejections. Equation (18) can be used to accurately
predict the TE branching ratios from the noTE results for all
K’s. The final distributions of a, e and spin are similar to
our fiducial results described in Section 4.2 (Figs 9-11).
5 CONCLUSION
We have studied the dynamical evolution of two giant plan-
ets, initially in nearly circular coplanar orbits, to determine
the outcomes of close encounters/scatterings due to orbital
instability. Although there already exists an extensive litera-
ture on this subject (see Section 1), several issues related to
this“basic”dynamics problem of two-planet scatterings have
not been addressed adequately. Our paper extends previous
works in several fronts:
(i) In the first part of this paper (Section 2), we perform
hydrodynamics simulations (using SPH) of close encounters
and collisions of two comparable-mass giant planets (each
with radius Rp and modeled as a polytrope) to investigate
the properties of the merger products and the bypassing
planets in parabolic approaching orbits. We find that
(a) A one-shot merger of the planets happens when the
impact parameter (the “pericenter” separation of point-
mass planets), rp, is less than the physical radius of the
planet Rp. A collision with rp between Rp and 2Rp leads
to an immediate loop-back of the binary planets and a
merger during the second encounter.
(b) The merger products tend to be fast-spinning and
puffy. They contain more than 97% of the total mass from
the initial planets. This also implies the conservation of
momentum and angular momentum in mergers. Thus, gi-
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ant planet mergers can be well described by perfect in-
elastic collisions.
(c) For larger impact parameters (2Rp < rp < 4Rp),
the binary planets bypass each other with some mass ex-
change, orbital energy loss, change in eccentricity and ap-
sidal advance happening near the pericenter. These effects
diminish when rp is greater than 4RJ. Combining with
long-term orbital integrations (see below), we also find
that, at least statistically, planet encounters with rp < 4Rp
eventually lead to mergers.
(ii) Based on our hydrodynamics simulations, we provide
simple prescriptions (with fitting formulae) to take account
of the fluid effects of close encounters between planets in
N-body orbital simulations (Section 3).
(iii) We carry out a suite of two-giant-planet scattering
simulations to determine the properties of various outcomes
(Section 4). We find that
(a) The fluid (tidal) effects significantly increase the
branching ratio of planetary mergers relative to ejections.
For typical giant planets (M1 = 2M2 = 2MJ, R1 = R2 = RJ),
the merger fraction reaches 83% for initial systems at a1 =
1 AU and 40% at a1 = 10 AU (see Fig. 12). The branch-
ing ratio (with the fluid effects included) can be approxi-
mated by running standard “sticky-sphere” N-body simu-
lations with an effective collision radius of 4RJ (rather than
2RJ). Our parameter study shows that this result is robust
against varying initial a1 and and the compactness pa-
rameter K (defined in equation 9). The ejection-to-merger
ratio can be well described by (1/4)(Reff/RJ)−1(a1/AU) (see
Fig. 13), and the fluid effects increase the effective radius
Reff from RJ to 2RJ.
(b) The fluid effects do not change the distributions
of semi-major axis and eccentricity of each type of rem-
nant planets (mergers vs surviving planets in ejections;
see Figs 9 and 11). However, since the branching ratios
of mergers and ejections are changed, the overall distri-
bution of orbital properties of planet scattering remnants
are strongly affected by the fluid effects.
(c) The merger products have broad distributions of
spin magnitudes and obliquities (Fig. 10). While the obliq-
uity distribution is unchanged by the fluid effects (see Li &
Lai 2020), the distribution of S exhibits a peak at 0.8Smax
due to the fluid effects (as opposed to Smax without the
fluid effects; see equation 13 for the definition of Smax).
To thoroughly explain the observed exoplanetary statis-
tics, such as the eccentricity distribution, a much wider range
of planetary system configurations needs to be considered.
Although this work focus on planet pairs with a fixed mass
ratio (mostly 2-to-1, and to a less extent 1.5-to 1 in Sec-
tion 2.4.2), it can affect the interpretations of the results
in other studies that include more complex N-body systems
(see Anderson et al. 2020). Our result implies that, because
of the larger planet merger fraction, it is more difficult to ex-
cite eccentricities via planet-planet scatterings, compared to
the findings of previous works. On the other hand, Jupiter-
like planets with larger masses and spins may be more com-
mon than in other N-body models.
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